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In a general single field inflationary model we consider the effects of long wavelength scalar
fluctuations on the effective expansion rate and equation of state seen by a class of free falling
observers, using a physical gauge invariant formulation. In a previous work we showed that for a free
massive inflaton no backreaction is observed within some constraints. In this paper we extend the
validity of our previous results to the case of an arbitrary self-interacting inflation potential, working
to second order in cosmological perturbation theory and to all order in slow-roll approximation. For
these general inflationary models, we also show the equivalence of the free falling observers to the
ones comoving with the inflaton field.
PACS numbers: 98.80.Cq, 04.62.+v
I. INTRODUCTION
The problem of computing the quantum backreaction
induced by cosmological fluctuations in an inflationary
era has a long history [1] and has been rather controver-
sial [2, 3]. With the purpose of settling such controver-
sial issue, we have recently performed an investigation [4]
based on a new covariant and gauge invariant (GI) ap-
proach [5, 6]. In [4] we analysed, for a model with a
massive minimally coupled free single inflaton field, how
several observers see the effective expansion rate and the
effective equation of state of the Universe. A first (triv-
ial) observation in [4], independent from the particular
model of inflation investigated in that letter, was that an
observer which sees as unperturbed his/her spatial hyper-
surface (i.e. the class of observers associated to the uni-
form curvature gauge) experiences exactly zero backreac-
tion effects, to all order in perturbation theory and with-
out the needed of the long wavelength approximation,
having an effective scale factor equal to its homogeneous
value [18]. The main achievement obtained in [4] was
that, in the model with a massive minimally coupled free
single inflaton field considered, the free falling observers
do not experience any quantum backreaction. In partic-
ular, the analysis took into account the scalar quantum
cosmological fluctuations, in the long wavelength (LW)
approximation and to first order in the slow-roll approxi-
mation, derived within a fully second order perturbation
theory expansion. On the other hand we showed later
that in such a model other special observers, such as the
isotropic ones [9] and the ones associated to a second light
test field [10], may observe quantum effects on the effec-
tive expansion rate and equation of state. Effects that
could shorten the observed phase of inflation [9, 10] and
change deeply the ”apparent” inflationary dynamics [10].
In this paper we want to extend the investigation of [4] to
a more general cosmological model, with one minimally
coupled, generically self interacting, inflaton field, and to
all order in slow-roll approximation. We shall analyse in
particular the free falling (geodetic) observers.
Let us review very briefly the basic elements of the
general approach. One can construct a general nonlo-
cal observable performing quantum averages of a scalar
field S(x) in a spacetime region which is a hypersurface
ΣA0 = {x|A(x) = A0} defined by a scalar field A(x)
with a timelike gradient. In particular we can adopt a
GI definition, which in the (barred) coordinate system
x¯µ = (t¯, ~x), where the scalar A is homogeneous, corre-
sponds to the following quantity [5]
〈S〉A0 =
〈√|γ(t0, ~x)| S(t0, ~x)〉
〈√|γ(t0, ~x)|〉 , (1)
where γ(t0, ~x) is the determinant of the induced three di-
mensional metric on ΣA0 . The natural foliation of space-
time is then defined by the four vector
nµ = − ∂
µA
(−∂νA∂νA)1/2 , (2)
which characterizes completely the physical properties of
the class of observers sitting on the hypersurface A(x) =
A0 [11].
Here we are interested in the dynamics encoded in the
effective scale factor aeff = 〈
√|γ¯| 〉1/3. In particular, the
GI definition of the associated expansion rate is given
by [6]
(
1
aeff
∂ aeff
∂A0
)2
=
1
9
〈
Θ
(−∂µA∂µA)1/2
〉2
A0
, (3)
where Θ = ∇µnµ is the expansion scalar of the timelike
congruence nµ. We can then extract the dynamical in-
formations solving the Einstein and matter equations of
motion in any gauge.
We shall work in the context of a spatially flat FLRW
background geometry. In order to deal with the met-
ric components in any specific frame we expand our
background fields {gµν} up to second order in the non-
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2homogeneous perturbations as follows:
g00 = −1−2α−2α(2) , gi0 = −a
2
(β,i+Bi)− a
2
(
β
(2)
,i +B
(2)
i
)
gij = a
2
[
δij
(
1−2ψ−2ψ(2)
)
+Dij(E + E
(2))
+
1
2
(χi,j + χj,i + hij) +
1
2
(
χ
(2)
i,j + χ
(2)
j,i + h
(2)
ij
)]
(4)
where Dij = ∂i∂j−δij(∇2/3) and, for notational simplic-
ity, we remove an upper script in first order quantities.
α, β, ψ, E are pure scalar perturbations, Bi and χi are
transverse vectors (∂iBi = 0 and ∂
iχi = 0), hij is a
traceless and transverse tensor (∂ihij = 0 = h
i
i), and
the same notation applies to the case of the second-order
perturbations.
In a single field model of inflation, the Einstein equa-
tions connect those fluctuations directly with the inflaton
ones. In particular the inflaton field can be written to
second order as Φ(x) = φ(t) + ϕ(x) + ϕ(2)(x).
Since in Eq.(4) there are 10 degrees of freedom, which
are in part redundant, a gauge fixing is required. In
general the metric can be gauge fixed eliminating two
scalar and one vector perturbations. The most popular
gauge choices are the synchronous gauge (SG), defined
by g00 = −1 and gi0 = 0, the uniform field gauge (UFG),
defined by setting Φ(x) = φ(t) and by other conditions
(we consider gi0 = 0), and the uniform curvature gauge
(UCG), defined by gij = a
2
[
δij +
1
2
(
hij + h
(2)
ij
)]
.
The inflationary model here considered is a model with
a self interacting minimally coupled inflaton scalar field
Φ with potential V :
S =
∫
d4x
√−g
[
R
16piG
− 1
2
gµν∂µΦ∂νΦ− V (Φ)
]
. (5)
II. BACKREACTION FOR FREE FALLING
OBSERVERS
To second order in perturbation theory and in the LW
approximation, we have then the following result for the
backreaction on the expansion rate as seen from an ob-
server sitting on a particular hypersurface (the one cor-
respondent to the barred gauge defined in the previous
section) [4]
H2eff ≡ A˙(0)2
(
1
aeff
∂ aeff
∂A0
)2
= H2
[
1 +
2
H
〈ψ¯ ˙¯ψ〉 − 2
H
〈 ˙¯ψ(2)〉
]
. (6)
Let us note that we have neglected, in our computations,
the dependence on the tensor perturbations.
Let us now consider a class of free falling observers and
perform the calculation in the UCG. In such a gauge and
in the LW limit we have (see [4]):
ψ¯ = H
∫ t
dt′α ,
ψ¯(2) = −Hα
∫ t
dt′α− H˙ + 2H
2
2
[∫ t
dt′α
]2
+
H
2
∫ t
dt′
(
2α(2) − α2
)
. (7)
In order to evaluate the backreaction via Eq.(6), to all
order in slow-roll approximation but in the LW limit, we
need the relations between the inflaton and the metric
fluctuations in the UCG. To first order, one has
α =
1
2M2Pl
φ˙
H
ϕ , (8)
where M−2Pl = 8piG. Solving the first order equation of
motion for the inflaton field
ϕ¨+ 3Hϕ˙+
[
Vφφ + 2
d
dt
(
3H +
H˙
H
)]
ϕ = 0 (9)
in the LW approximation, but to all orders in the slow-
roll approximation, one gets the well known solution
ϕ = f(~x)
φ˙
H
⇒
∫ t
dt′α = −f(~x)
∫ t
dt′
H˙
H2
=
1
φ˙
ϕ . (10)
This leads to
ψ¯ =
H
φ˙
ϕ = f(~x)⇒ ˙¯ψ = 0 . (11)
On the other hand, to second order we obtain
ψ¯(2) = − 1
2M2Pl
(
1
2
− H
2
H˙
)
ϕ2 +
H
2
∫ t
dt′
(
2α(2) − α2
)
.
(12)
The question is whether or not also ˙¯ψ(2) = 0 in the LW
limit, independently from the potential V (φ) and to all
order in the slow-roll approximation.
Let us consider the equation of motion of α(2) in the
UCG. After some algebra, from the general expressions
given in Eqs. (24) and (25) of [12], one can obtain, in the
LW limit, the simplified form
α(2) =
1
2M2Pl
φ˙
H
ϕ(2) +
1
2M2Pl
(
−3
2
H˙
H2
+
1
2H
φ¨
φ˙
)
ϕ2 ,
(13)
which still depends on ϕ(2). The dynamics of ϕ(2) can be
obtained in the UCG and in the LW limit, using Eqs. (26)
and (27) of [12], from the condition ∇2β(2) ≡ 0. After
several algebraic manipulations, and using the relation
V = M2Pl(3H
2 + H˙), one finds
HM2Pl
φ˙
ϕ(2) =
∫ t
dt′
[
− H˙
2H
+
H
8H˙
H¨2
H˙2
+
3
8
H¨
H˙
− HH
(3)
8H˙2
]
ϕ2 ,
(14)
3where H(3) = d
3
dt3H.
Using this last relation (14) in Eq.(13) we can obtain
the following result, valid in the LW limit for a generic
scalar field potential,
α(2) =
(
− H˙
H2
+
1
4
H¨
H˙H
)
ϕ2
M2Pl
. (15)
Indeed, taking into account the time dependence of ϕ in
the LW limit, one can perform exactly the integral in
Eq.(14), thanks to the following useful identities∫ t
dt′
H˙2
H3
= − H˙
2H
+
∫ t
dt′
H¨
2H2
,
∫ t
dt′
 H¨
H2
+
1
H
(
H¨
H˙
)2
− H
(3)
HH˙
 = − H¨
HH˙
.
Going back to Eq.(12) we obtain
ψ¯(2) =
(
−1
4
+
1
2
H2
H˙
)
ϕ2
M2Pl
+
H
2M2Pl
∫ t
dt′
(
−3
2
H˙
H2
+
1
2
H¨
HH˙
)
ϕ2 (16)
and, again, solving the integral in the LW limit one finally
gets
ψ¯(2) =
H2
2H˙
ϕ2
M2Pl
= −ψ¯2 = −f(~x)2 , (17)
namely ˙¯ψ(2) ≡ 0 in the LW limit.
We are now able to evaluate trivially the effective ex-
pansion rate in Eq. (6), since we have shown that both
first and second order fluctuation ψ¯ and ψ¯(2) are constant
in time so that we have
HFree Fallingeff ≡ A˙(0) 2
(
1
aeff
∂ aeff
∂A0
)
= H . (18)
Therefore the geodetic observers do not see on the effec-
tive Hubble rate any quantum backreaction effect, in the
LW limit, for any potential V (φ) and to all orders in slow-
roll parameters. This fact extends the domain of validity
of our previous results [4], since previously the derivation
was obtained only for a quadratic potential correspond-
ing to a free massive scalar field and not analysed to all
orders in the slow-roll parameters.
Let us conclude this section by noting that one can
define the effective observers dependent energy density
ρeff by
A˙(0)2
(
1
aeff
∂ aeff
∂A0
)2
=
8piG
3
ρeff , (19)
while the effective pressure peff can be obtained by
− 1
aeff
A˙(0)
∂
∂A0
(
A˙(0)
∂
∂A0
aeff
)
=
4piG
3
(ρeff + 3 peff ) .
(20)
Trivially the effective equation of state will be given by
weff = peff/ρeff and, following [9], we obtain an ex-
actly zero backreaction on such effective equation of state
as seen from the class of observers considered (the free
falling ones). The dynamic of any single field model is
unchanged when a free falling observer is taken as refer-
ence point.
III. COMOVING OBSERVERS
Let us now further show that the general properties
proved above are also true for a class of observers co-
moving with the inflaton field Φ(~x, t). Namely, that in
a general one-field inflationary model the free falling ob-
servers and the comoving observers are equivalent. This
point was already shown in [4]. Here we want to give a
more general and explicit proof, valid in a generic single
field model, showing that the two scalars associated to
the two observers (the one defining the free-falling ob-
servers and the one defining the observers comoving with
the inflaton field) do coincide in the LW limit for an arbi-
trary potential V (Φ) and to all order in slow-roll approx-
imation up to second order in cosmological perturbation
theory.
Following [11] the general scalar C, which is used to
define an observer comoving with the inflaton field (and
therefore by definition homogeneous in the UFG), is given
in an arbitrary coordinate system by
C(x) = C(0)+
C˙(0)
φ˙
ϕ+
C˙(0)
φ˙
ϕ(2)+
C˙(0)
2φ˙2
(
C¨(0)
C˙(0)
− φ¨
φ˙
)
ϕ2 .
(21)
On the other hand the geodetic, or free falling, observer
is associated to a scalar field homogeneous in the SG.
This can be written in an arbitrary reference system as
A(x) = A(0)(t) +A(1)(x) +A(2)(x), with [11]
A(1)(x) = A˙(0)
∫
dt α(1)
A(2)(x) =
1
2
A¨(0)
(∫
dt α(1)
)2
+A˙(0)
∫
dt
[
−1
2
α(1) 2 +
1
2a2
(∫
dt~∇α(1)
)2
− 1
2a
(∫
dt α
(1)
,j
)(
β(1),j +B(1) j
)
+ α(2)
+
1
8
(
β
(1)
,j +B
(1)
j
)(
β(1),j +B(1) j
)]
. (22)
As seen, the physical properties of these classes of ob-
servers, associated to different hypersurfaces, are encoded
4in the vector fields normal to the correspondent hyper-
surfaces. As shown in [11] these vectors are independent
from the background homogeneous value of the corre-
spondent scalars. For the sake of simplicity we therefore
take A(0)(t) = C(0)(t) = φ(t). The first consequence of
this choice is the simplification of Eq.(21), which becomes
C(x) = Φ(x) = φ(t) + ϕ(x) + ϕ(2)(x) . (23)
In order to prove that the two scalars A(x) and C(x)
are the same it is sufficient to prove this in a particular
gauge, order by order in perturbation theory. We find
convenient to choose the UCG, as before. We shall see
that indeed A(1)(x) = C(1)(x) and A(2)(x) = C(2)(x).
The first order quantities are easily analysed since
A(1) = φ˙
∫ t
dt′α = ϕ = C(1) , (24)
so that the equivalence is proved at first order. At second
order, plugging the choice A(0)(t) = φ(t) into Eq.(22),
considering the LW limit approximation and using the
results of the previous section, we have
A(2) =
(
1
2
φ¨
φ˙2
+
1
4M2Pl
φ˙
H
)
ϕ2 . (25)
On the other hand, using Eq.(14), and performing the
integral in the LW limit, we find
C(2) = ϕ(2) =
(
1
2
φ¨
φ˙2
+
1
4M2Pl
φ˙
H
)
ϕ2 , (26)
which means that the equivalence is also true at second
order. Then, as anticipated, the UFG observers are phys-
ically equivalent to the free-falling ones and they experi-
ence the same backreaction.
IV. CONCLUSIONS
In this paper, we have extended to an arbitrary poten-
tial, which specifies a single field inflationary model, and
to all orders in the slow-roll parameters a previous inves-
tigation [4] devoted to the computation of the quantum
corrections due to scalar cosmological fluctuations on the
effective expansion rate and equation of state as seen by
a free falling class of observers. This problem is also
known as the quantum backreaction problem which has
been widely investigated in the literature.
We have worked in a cosmological perturbation theory
setting, up to second order, and in a consistent genuinely
gauge invariant approach [5, 6]. This means that the ob-
servable, which depends on a class of privileged observers,
once defined, can be computed in any coordinate system.
The result that we obtain tells that a free-falling observer
does not see any change in the effective expansion rate
and equation of state, if we take into account all the LW
scalar fluctuations of the inflaton and of the metric in the
semiclassical approach. Namely, for any given potential
of the inflationary model, the homogeneous background
value of the Hubble factor coincides with the effective
Hubble factor (seen by the free falling observers) when
the scalar LW quantum fluctuations (up to second order)
are turned on. Moreover, this class of observers, even
in the presence of the quantum fluctuations, is perfectly
equivalent to the one comoving with the inflaton field,
that is the class of observers who see the inflaton as ho-
mogeneous. As a consequence, these last observers share
the same physical properties of the free falling observers
and they do not see any backreaction effects.
It would be interesting to apply similar methods to
the analysis of a pure gravitational R2 model [13] (where
also the tensorial fluctuations can play a role in the
backreaction [14]) and to Higgs inflation models like
[15, 16], which look particularly appealing after the re-
lease of the recent Planck results (see, in particular, [17]).
Acknowledgements
We would like to thank Giovanni Venturi for useful
discussions. GM is supported by the Marie Curie IEF,
Project NeBRiC - “Non-linear effects and backreaction
in classical and quantum cosmology”.
[1] V. F. Mukhanov, L. R. W. Abramo and R. H. Bran-
denberger, Phys. Rev. Lett. 78, 1624 (1997);
L. R. W. Abramo, R. H. Brandenberger and
V. F. Mukhanov, Phys. Rev. D 56 (1997) 3248.
[2] W. Unruh, arXiv:astro-ph/9802323.
[3] L. R. W. Abramo and R. P. Woodard, Phys. Rev. D 60,
044010 (1999); Phys. Rev. D 65, 063515 (2002); Phys.
Rev. D 65, 043507 (2002). G. Geshnizjani and R. Bran-
denberger, Phys. Rev. D 66, 123507 (2002); JCAP 04,
006 (2005); B. Losic and W. G. Unruh, Phys. Rev. D
72, 123510 (2005); G. Marozzi, Phys. Rev. D 76, 043504
(2007).
[4] F. Finelli, G. Marozzi, G. P. Vacca, G. Venturi,
Phys. Rev. Lett. 106, 121304 (2011)
[5] M. Gasperini, G. Marozzi, and G. Veneziano, JCAP 03,
011 (2009).
[6] M. Gasperini, G. Marozzi, and G. Veneziano, JCAP 02,
009 (2010).
[7] I. A. Brown, J. Latta, A. Coley, Phys. Rev. D 87, 043518
(2013).
[8] I. A. Brown, J. Behrend, K. A. Malik, JCAP 11, 027
(2009).
[9] G. Marozzi, G. P. Vacca, Class. Quant. Grav. 29, 115007
(2012).
5[10] G. Marozzi, G. P. Vacca, R. H. Brandenberger,
JCAP 1302, 027 (2013).
[11] G. Marozzi, JCAP 01, 012 (2011).
[12] F. Finelli, G. Marozzi, G. P. Vacca and G. Venturi,
Phys. Rev. D 69, 123508 (2004).
[13] A. A. Starobinsky, Phys. Lett. B 91, 99 (1980).
[14] F. Finelli, G. Marozzi, G. P. Vacca and G. Venturi, Phys.
Rev. D 71, 023522 (2005).
[15] F. L. Bezrukov and M. Shaposhnikov, Phys. Lett. B 659,
703 (2008).
[16] A. O. Barvinsky, A. Y. .Kamenshchik, C. Kiefer,
A. A. Starobinsky and C. F. Steinwachs, Eur. Phys. J. C
72, 2219 (2012).
[17] P. A. R. Ade et al. [Planck Collaboration],
arXiv:1303.5082 [astro-ph.CO].
[18] As also underlined in [7], this result corrects a previous
statement [8] that no gauge with identically zero backre-
action can be found.
